We provide exact solutions to the Einstein equations when the Universe contains vacuum energy plus a uniform arrangements of magnetic fields, strings, or domain walls. Such a universe has planar symmetry, i. e., it is homogeneous but, not isotropic. Further exact solutions are obtained when dust is included and approximate solutions are found for w = 0 matter. These cosmologies also have planar symmetry. These results may eventually be used to explain some features in the WMAP data. The magnetic field case is the easiest to motivate and has the highest possibility of yielding reliable constraints on observational cosmology.
I. INTRODUCTION
After many successes, standard radiation/matter dominated Big Bang cosmology was found inadequate to provide solutions to a number of problems raised when the model was studied in more detail in the light of modern data. These problems include the horizon problem, the flatness problem, the magnetic monopole problem, etc. Faced with these issues, it was clear that a departure from conventional thinking was required and initial assumptions needed to be questioned. Specifically, the cosmological constant that was for many years in disfavor, was reintroduced and gave a solution to Einstein's equations with exponentially growing scale factor, i.e., inflation [1] [2] [3] [4] . This immediately solved the problems listed above, since it allowed the universe to be in thermal equilibrium, diluted monopoles, and flattened the curvature. Inflation also allowed quantum fluctuations in the early universe to expand to super-horizon sizes. Upon re-entry the fluctuations generate the density perturbations [5] [6] [7] [8] that led to structure [9, 10] .
As more cosmological data became available [11] [12] [13] , more detailed inflationary models have become necessary to explain it [14] . In the last two decades many inflationary scenarios have been analyzed [15] [16] [17] [18] , but all have one feature in common: homogeneous isotropic expansion. However, before the onset of inflation, a typical region of the universe is anything but homogeneous and isotropic. It is possible that an asymmetric feature in some region could be stretched out by an asymmetric inflation, but remain imprinted through the end of inflation, or that a parameter or field initially asymmetrically distributed, is diluted to a negligible value by the end of inflation, but with an imprint left on the inflated universe.
Asymmetric features could also be generated by the phase transition that is responsible for the inflation. We will investigate these possibilities in models with homogeneous but anisotropic expansions.
In a previous paper [19] we gave exact solutions of Einstein's equations for cases of a universe with planar symmetry. These include a universe with cosmological constant plus magnetic fields, cosmic strings or cosmic domain walls aligned uniformly throughout all space. In this paper we give exact results that include non-relativistic matter (dust). We also give approximate solutions for w = 0 matter.
The first year WMAP results [20] [21] [22] contain interesting large-scale features which warrant further attention [23] , [24] . One glaring observational feature is the suppression of power at large angular scales (θ 60
• ), which is reflected most distinctly in the reduction of the quadrupole C 2 . This effect was also seen in the COBE results [11, 13] . After the COBE experiment, Monte Carlo studies were used to cast doubt on quadrupole suppression [25, 26] , suggesting the effect could just be statistical. The WMAP analysis [20] [21] [22] [23] [24] have arrived at similar conclusions. Nevertheless, interesting physical effects are not ruled out, especially since the octupole also appears to be somewhat suppressed. Thus it does not seem unreasonable to try to model such behavior by altering the cosmological model from the standard big bang plus inflation scenario. Intriguingly, the more precise measurements of WMAP also showed that the quadrupole C 2 and octupole C 3 are aligned. In particular, the ℓ = 2 and 3 powers are found to be concentrated in a plane P inclined about 30
• to the Galactic plane. In a coordinate system in which the equator is in the plane P, the ℓ = 2 and 3 powers are primarily in the m = ±ℓ modes. The axis of this system defines a unique ray and supports the idea of power in the axial direction being suppressed relative to the power in the orthogonal plane. These effects seem to suggest one (longitudinal) direction may have expanded differently from the other two (transverse) directions, where the transverse directions describe the equatorial plane P mentioned above. Although this effect once again could be explained away as statistical [20] [21] [22] [23] [24] , a realistic physical model that can explain some or all anisotropic effects in the WMAP data would be of interest.
While there are many ways to approach the issue of global anisotropy of the Universe, it would be most satisfying to explain global anisotropy by a simple modification of the conventional Friedman-Robertson-Walker (FRW) model. To achieve this, one has to consider an energy-momentum tensor which is spatially non-spherical or spontaneously becomes nonspherical at each point in space-time. Such a situation could occur when defects or magnetic fields are present. Magnetic fields [27] and cosmic defects [28] can arise in various ways.
Moreover, it is known that large scale magnetic fields exist in the universe, perhaps up to cosmological scales [27, 29] . These considerations motivate us to focus our attention on the effect magnetic fields and defects can have on the expansion of the universe.
As a modest step toward understanding the form, significance and implications of an asymmetric universe, we will modify the standard spherically symmetric FRW cosmology to a form with only planar symmetry [30] . Our choice of the energy-momentum tensor will result in non-spherical expansion 1 from an initially spherical symmetric configuration:
an initial co-moving sphere will evolve into a spheroid that can be either prolate or oblate depending on the choice of matter content. For the sake of clarity, we first give some general properties of cosmologies with planar symmetry. (The universe looks the same from all points but the points all have a preferred axis.) Our first example will be a universe filled with dust, uniform magnetic fields and cosmological constant. (Some aspects of cosmic magnetic fields have been previously studied; see, e. g. Ref. [31] .) This is perhaps the most easily motivated, exactly solvable case to consider and it will give us a context in which to couch the discussion of other examples with planar symmetry and cases where planar symmetry is broken. We then describe a number of other exactly solvable planar symmetric cases.
To set the stage, consider an early epoch in the universe at the onset of cosmic inflation, where strong magnetic fields have been produced in a phase transition [32] [33] [34] [35] . Assuming the magnitude of the magnetic field and vacuum energy (Λ) densities are initially about the same, we will find that eventually Λ dominates. It was estimated [33] that the initial magnetic field energy produced in the electroweak phase transition was within an order of magnitude of the critical density. Other phase transitions may have even higher initial field values [34, 35] , or high densities of cosmic defects. Hence, it is not unphysical to consider a universe with magnetic fields and Λ of comparable magnitudes. If the magnetic fields are aligned in domains, then some degree of inflation is sufficient to push all but one domain outside the horizon. (Below we also discuss the cases where there is one or only a few domains within the horizon.)
Finally, we should mention that studies of departure from spherical symmetry and/or departure from standard inflationary cosmology is an active and controversial area of study.
A partial list of topics includes polarization of light from astrophysical objects and related phenomena [36] [37] [38] [39] [40] , the topology of the universe [41] [42] [43] , and low ℓ mode suppression [44, 45] .
The plan of the paper follows.
In the second section we review the generalization of a FRW universe to the case of planar symmetry. We display the Christoffel symbols, Ricci tensor, and general form of the 1 By spherical expansion we will mean homogeneous isotropic expansion, while in this paper we will occasionally use the term non-spherical expansion to describe expansion that has only planar symmetry.
energy-momentum tensor with the corresponding Einstein equations and the general form of energy-momentum conservation. This section sets up the basic equations to be solved and also contains a discussion of thermodynamics in a planar-symmetric universe. We find a natural splitting of the elements of T µν into spherically symmetric and anisotropic pieces.
This procedure provides key insight needed to find exact solutions for the equations of cosmic evolution. In the third section we carry out a general analysis of the features resulting from planar symmetry, and give various relations and inequalities based on energy conditions, many of which involve the eccentricity of the expansion. Various limiting cases are also considered.
Sections 4, 5 and 6 treat a universe filled with cosmological constant, dust and either uniform magnetic fields, aligned cosmic strings, or aligned cosmic domain walls, respectively.
We have given each of these exactly solvable cases a separate section so that we can systematically compare and contrast them more easily. Graphics and limiting cases are both used for this purpose. The magnetic field and aligned cosmic string cases are qualitatively similar, and both are substantially different from the case of domain walls. Section 7 contains our conclusions and a brief discussion of how one would apply our results to density perturbations [46] . An appendix has been included to treat the case of matter with generic non-zero choice for w, the parameter that describes the equation of state. These results are only approximate and so they have been relegated to the appendix to avoid breaking the flow of the discussion of exact results presented in the main body of the paper.
II. UNIVERSE WITH PLANAR SYMMETRY
To make the simplest directionally anisotropic universe, we modify the FRW spherical symmetry of space-time into plane symmetry. (Cylindrical symmetry is, of course, not appropriate since it introduces preferred location of the axis of symmetry.) The most general form of a plane-symmetric metric (up to a conformal transformation) is [30] (
where a and b are functions of t and z; the xy-plane is the plane of symmetry. We also impose translational symmetry along the z-axis; the functions a and b now depend only on 
To support a symmetry of space-time, the energy-momentum tensor for the matter has to have the same symmetry. In the case of planar symmetry this requires
Here the energy density ξ, transverse η and longitudinal ζ tension densities are functions only of time. The corresponding Einstein equations arė
a +b +ȧ
We also need the equation expressing covariant conservation of the energy-momentum [a direct consequence of Eqs. (3)- (5)]:
We consider now the thermodynamics of cosmological models evolving anisotropically.
Energy density ρ and pressure p correspond to the spherically-symmetric part of the energymomentum tensor, ξ = λ + ρ +ξ, η = λ − p +η, ζ = λ − p +ζ, where we have written tildes Occasionally we label dust with the symbol 0.
on the anisotropic parts of the energy-momentum tensor. As in the isotropic case [49] , we have T dp/dT = ρ + p,
where T is the temperature. Up to an additive constant, the entropy in a volume V is
Taking V = V i e 2a+b we findṠ /S = 2ȧ +ḃ +ρ/(ρ + p).
For an adiabatic process, the entropy in a comoving volume is conserved; thus the right-hand side of Eq. (9) vanishes,ρ
For matter with the equation of state p = wρ, Eq. (10) gives
Eq. (10) expresses covariant conservation of the isotropic part of the energy-momentum.
Since the total energy-momentum is conserved locally [Eq. (6)], the same holds for its anisotropic part,ξ
Eq. (12) will be the key to finding our exact solutions.
III. GENERAL PROPERTIES
Before considering specific models for the energy-momentum, we first establish several general features of an anisotropic universe described by Eqs. (3)- (6) . These results will be important for conceptual understanding of solutions and asymptotics bounding the effects caused by asymmetry and comparing the results for various types of asymmetric components.
1. We assume that before anisotropic effects became important, the universe had expanded isotropically. During the initial phase of anisotropic expansion, when anisotropic contributions to the energy-momentum are significant, different tension densities in the longitudinal and transverse directions cause comoving spheres to evolve into spheroids. At a later phase, when all contributions except for the vacuum energy fade away, longitudinal and transverse expansion rates become equal and the expansion proceeds isotropically.
Thus, in this universe, each initial sphere develops an eccentricity; whether the resulting spheroid is oblate or prolate depends on which tension dominated during the initial phase of deformation.
2.
We assume that initially 2 space is isotropic, a i = b i , and is expanding isotropically, (4) and (5) giveä
Consider two cases: (i) whenȧ ≤ḃ, we arrive atä −b > 0, which upon integration leads to a contradiction,ȧ −ḃ > 0; (ii) whenȧ >ḃ, we findȧ −ḃ > 2
, which is allowed. Similarly, if η > ζ, thenȧ ≥ḃ leads to a contradiction, whileȧ <ḃ is allowed. In the allowed cases, further integration leads to the result: a > b when η < ζ, and a < b when η > ζ. (See Figs. 5, 6, 13, 14, 21, 22 for examples of different cases.) 2 The subscript "i" refers to the moment of transition from isotropic to anisotropic dynamics.
4.
On the other hand, longitudinal contraction is possible. To find a moment t = t * when longitudinal expansion changes into contraction, we setḃ * = 0 in Eqs. (3)- (5) and
(ξ * − ζ * ). Examining entries in for examples of the different cases. If the initial magnetic field is sufficiently strong, the longitudinal size can become smaller then its initial value (curves with b < 0 in Fig. 2 ).
However, no matter how strong the initial field is, after a sufficiently long period of time contraction turns into expansion following the correct asymptotic behavior.
5.
For all known forms of matter the components of the energy-momentum tensor satisfy the dominant energy condition [47, 48] ; in our case it says ξ ≥ 0, ξ ≥ η, and ξ ≥ ζ (see Table I for examples). Evaluating Eq. (6) at the initial time, we findξ i = −ȧ i (3ξ i −2η i −ζ i ); from the energy conditions it now follows that the energy density does not increase initially,ξ i ≤ 0.
Let us investigate whether the energy can increase at a later time. For this to happen, we need to haveξ * = 0 for some t = t * ; Eqs. (3) and (6) then giveȧ
. This equation has a real solution forȧ * only when the wall contribution dominates; see Table I . However, even in the worst case, with only the wall contribution, the energy density cannot increase. Indeed, using ξ = η, we findȧ 2 * = ξ * . Sinceȧ > 0 by 2, Eq. (3) givesḃ * = 0. In 4 we found that, unless magnetic field contribution dominates,b * > 0 and thus for wallsḃ cannot become zero if initiallyḃ i > 0. This proves thatξ ≤ 0 in all cases.
6. Let us prove that the transverse expansion rate has its maximum at t = t i . First, from Eqs. (3) and (5) it follows thatä i = 1 2 (ζ i −ξ i ) and soä i ≤ 0 because of the energy conditions in
It follows thatȧ initially decreases with time. Suppose, however, thatȧ starts increasing and reaches its initial valueȧ i for the first time at the moment t * . Equation (5) then gives
(ζ * − ξ i ) and ξ i ≥ ξ * ≥ ζ * from 5 leads toä * ≤ 0. This is impossible since to reach the first point at whichȧ * =ȧ i we need to haveä * > 0. We thus concludeȧ 
Examining entries in Table I we see thatb i ≤ 0 except for the case when the wall contribution 3 When we say that some contribution to the energy-momentum dominates we mean by this that the contribution is the largest for all times.
dominates. Excluding this case, we repeat the argument in 6 and for the point at whichḃ * =
which contradictsb * > 0 that we need to makeḃ * =ḃ i . We thus conclude that, except when walls contribution dominates, the longitudinal expansion rate has its maximum at t = t i . 
9. The energy condition ξ ≥ ζ bounds the eccentricity from above. Indeed, from Eqs. (3) and (5) followsȧ −ḃ = (ζ − ξ − 2ä)/2ȧ. Integrating and usingȧ > 0 from 2 and ξ ≥ ζ from 5 we arrive at the following bound:
From 6 we haveȧ i /ȧ ≥ 1 and so Eq. 
Since e a−b is a convenient variable, we define it to be the "pseudo-eccentricity" 4 .
10. When ξ = ζ (the vacuum energy with any combination of magnetic fields and strings aligned in the same direction), similarly to 9 we find
4 The standard definition of the eccentricity of an ellipse, with semi-major axis of length A = e a , and semi-minor axis of length B = e b , is
We are interested in spheroids that can be either prolate or oblate. If a cross section that is tangent to the symmetry axis of the spheroid is an ellipse with axes A along the symmetry axis and B normal to that axis, then either one can be larger. This distinction is not contained in the definition of eccentricity, so a more appropriate measure for our purposes is the ratio A B = e a−b which we will call the pseudo-eccentricity.
11. We consider here the case when neither the magnetic field nor the wall contribution dominates. Usingḃ > 0 from 4 andḃ ≤ȧ i from 7, Eqs. (3) and (4) together with the condition ξ ≥ η from 5 lead toȧ −ḃ ≥ (ä +b)/ḃ, and integration gives the bound
The right-hand side of Eq. (17) does not exceed unity, so a < b is allowed. Using now asymptotic expressions forȧ andḃ (which are obtained from Eqs. (3) and (5)), we find
Asymptotically ξ, ζ ∼ λ, and so the bounds (15) and (18) bracket the pseudo-eccentricity as follows:
The two bounds in Eq. (19) do not contradict each other since ξ i ≥ λ. 
13. By 6, the transverse expansion rate has its maximum at t = t i . Also, for all physical matter contributions, the energy density exceeds the vacuum energy (see Table I ). From
Eq. (3) we then haveȧ + 2ḃ ≥ λ/ȧ, and thus
14. Except when contribution of matter with w > 0 dominates, the longitudinal tension exceeds the vacuum energy. Equation (5) together with the conditionȧ ≤ȧ i from 6 then gives a ≥ λ(3ξ i )
15. When λ > 0, we have asymptotics ξ, η, ζ ∼ λ andȧ,ḃ ∼ (
. In order to find asymptotics when λ = 0, we first observe that all quantities have power law behavior: (5) gives s ζ = 2, sȧ = 1. From Eqs. (4) and (5) we then have either s˙b ≥ 1, s ξ = s η = 2 or s˙b < 1, s ξ = s˙b + 1, s ξ = 2s˙b. Examining entries in Table I , we conclude that from s ζ = 2 it follows that min(s ǫ , s ρ ) = 2; if there is more than one anisotropic component, then s ǫ is the smallest anisotropic exponent. This results in s ξ = s η = 2, s˙b ≥ 1.
(See Table III 
where n η = δη/δξ and n ζ = δζ/δξ. When n η and n ζ are constants (for example, when, besides the vacuum energy, there is only one other contribution from Table I ) or slowly varying functions, Eq. (23) gives δξ ∝ e −t/t ξ with characteristic time
For the cases ΛM, ΛS and ΛW, ( 
(δḃ)˙+
Solving these equations and keeping only the leading terms, we find δȧ ∝ te −t/tȧ , δḃ ∝ te
for the case ΛM with (
, and δȧ ∝ te −t/tȧ , δḃ ∝ te −t/tḃ for the cases ΛS and ΛW with ( , respectively, with ( 
IV. MAGNETIC FIELDS
We are now in a position to extend the analysis of a universe with cosmological constant plus magnetic fields of Ref. [19] to the more general case that also includes dust. The analysis (6) . Initially, space is assumed to be isotropic, a i = b i = 0, and expanding isotropically,ȧ i =ȧ i > 0. In derivations of some of the results the energy conditions, ξ ≥ 0, ξ ≥ η, ξ ≥ ζ, were assumed. The symbols in the last column indicate the matter content types for which the corresponding result in the second column is applicable. If there are more than two components, then their arbitrary combination is allowed. Also, the result can be extended to matter content which is not indicated in the forth column provided that it does not exceed the indicated components.
No.
Result Conditions Applicable to
is similar to the case without dust, but adds to it a new variable and requires the use of Eq. (10). We will find exact solutions in this case, and in the cases where magnetic field is replaced by strings or walls. Lest the reader become complacent with the ease at which these solutions have been found, we will show that if we have instead Λ + M/S/W + w, the resulting differential equations are much more complicated and difficult to solve. Numerical techniques are still available by which we will solve these equations and present the results graphically.
In the case of cosmological constant, magnetic fields and w = 0 matter, Eqs. (3), (5) and (12) with the corresponding entries from Table I givė
2ä + 3ȧ
From the conservation of the anisotropic part of the energy-momentum, Eq. (29), we find
Substituting this result into Eq. (28), we arrive at
Eq. (31) does not explicitly involve the independent variable t. To use this fact, we let ǫ be the independent variable and introduce a new dependent variable f = f + 2ǫ
here the prime means differentiation with respect to ǫ. Solving Eq. (27) forḃ and substituting it into Eq. (10) we find (after some algebra)
The system of coupled differential equations (32) and (33) can be replaced by the following system of coupled integral equations:
where
We were not able to find the exact solution to the coupled system of Eqs. (32) and (33) for arbitrary w. Instead, in the remainder of this section we derive the exact solution for w = 0 and defer derivation of an approximate solution for arbitrary w until Appendix A.
(Another exactly solvable case w = −1 is not really a separate case since it can be obtained from the solution for w = 0 by setting ρ = 0 and redefining λ.)
For w = 0, Eqs. (32) and (33) give
From Eqs. (11), (30) and (38) we find
Finally, time dependence of the above functions ρ(ǫ), a(ǫ) and b(ǫ) can be deduced from the function ǫ(t), which is given implicitly by
as it follows from f = (40) and (41) confirms this and shows that the space is oblate and its pseudo-eccentricity monotonically increases from its initial value (unity) to its asymptotic value. More magnetic field increases the anisotropy; more matter reduces anisotropy, but neither can change an oblate ellipsoid into a prolate one.
In the case w = 0, asymptotics from Appendix A simplify as follows:
The corresponding asymptotic for pseudo-eccentricity is
This form agrees with the general result expressed in Eq. (16) . In addition, the lower bound for pseudo-eccentricity can be derived: replacing the expression in the braces in Eq. (39) 
Hence, the asymmetric expansion is always oblate in this case.
We finally note that in the case of zero vacuum energy, the exact solution derived above simplifies significantly since integrals in both Eqs. (39) and (41) are elementary functions:
The resulting form of the solution is then given by Eqs. (30), (38) , (40), (49), (50) . Using this solution we find the following large-time asymptotics: The pseudo-eccentricity becomes
In the following, we will refer to the parameters a and b as planar and axial expansion parameters. Note that in order to generate the figures, we have used large values for the initial matter density, ρ i and the magnetic field energy density ǫ i relative to the cosmological constant λ in order to make the effects of their contributions to the stress energy tensor stand out in the graphics. We will do this throughout the paper, but caution the reader that we are not implying these are realistic choices of parameters. A realistic choice of initial conditions would probably be λ, ρ i , and ǫ i all of the same order of magnitude, but in this case we would need to plot small differences of parameters instead of plotting them directly. Recall that the δρ/ρ effects found in the cosmic microwave background density perturbations are of order 10 −5 , so observationally one is typically, but not always, looking for small effects. Each curve in Figure 2 plots the axial expansion parameter b with time in a universe filled with aligned magnetic fields and cosmological constant for matter with a variety of choices for w. Comparing Figs. 1 and 2 shows a grows faster than b. This implies the expansion is oblate, i. e., an initial spherical region expands to an oblate spheroid. Figures 3 and 4 show the decay of the matter density and of the magnetic field energy respectively, with time using the same initial parameters that were used to generate Figs. 1 and 2. Figure 5 shows the behavior of the pseudo-eccentricity with time, again for the same initial parameters which were used in the previous figures. In Fig. 6 we have plotted the axial expansion parameter versus the planar expansion parameter. Each curve is for a different value of initial magnetic field energy density. Time increases along each curve from left to right. Note that a always increases, but for sufficiently strong initial magnetic fields, after an initial increase, b reaches a maximum, then decreases for a time, reaches a minimum, and then increases thereafter. Figure 7 shows the asymptotic values of the pseudo-eccentricity as a function of magnetic field energy density and initial matter density for various fixed values of w. As expected, stronger ǫ i leads to higher eccentricity, but increasing ρ i , the spherically symmetric component of T µ ν tends to dampen the effect. As with previous figures, the parameters in Figs. 6 and 7 were chosen to enhance the visualization, not for physical reasons. Finally, Fig. 8 is a contour plot of the asymptotic value of the pseudo-eccentricity (the curves are lines of equal asymptotic value of e a−b ) for a range of initial matter densities and equations of state.
V. STRINGS
In a somewhat artificial case of cosmological constant plus strings plus matter, the equations to solve areȧ
From the conservation of the anisotropic part of the energy-momentum, Eq. (58), we find
Proceeding with the analysis in a matter similar to Sec. IV, we arrive at the following system of equations:
or equivalently
As in the magnetic field case, we can find the exact solution to the coupled system of equations only for non-relativistic matter (w = 0), which we present below. 
Equations (11), (59) and (66) give
The time dependences of the above functions ρ(ǫ), a(ǫ) and b(ǫ) are found from the function ǫ(t) which is given implicitly by
There is a substantial analogy with the magnetic field case: all the statements in the paragraph following Eq. (41) in Sec. IV are also correct for the case of strings if one replaces the magnetic field density with the string density.
In the case w = 0, asymptotics from Appendix B simplify as follows:
The corresponding asymptotic for the pseudo-eccentricity is
To find the lower bound for this quantity, we replace the expression in the braces in Eq. (67) by its bound, λ/ǫ i + (1 + ρ i /ǫ i )x 
This is the same bound we found for the magnetic field case [Eq. (48)], and we see the expansion is again of the oblate form.
Again, for the case λ = 0, the above solution is given in terms of elementary functions.
We find
The large-time asymptotics are
where f (t) = tǫ
i ). The pseudo-eccentricity becomes
Figures 9 and 10 plot a and b as a function of time for a range of w values. While Fig. 9 is qualitatively similar to Fig. 1, Fig. 10 shows only a monotonic increase in b, unlike Fig. 7. Finally, Fig. 16 . shows a dependence of the asymptotic value of the pseudo-eccentricity on the equation of state. The effect is again similar to, but milder than, the magnetic field case. 
12.
14. Curves are for w from −1 to 1 with step 0.2 from bottom to top.
VI. WALLS
If we replace magnetic fields or cosmic strings from the previous two sections by a uniform stack of cosmic domain walls, we arrive at another solvable model described by the following equations:ȧ
ǫ +ḃǫ = 0. Again, we were not able to solve the above equations exactly for arbitrary w; also, it appears to be much harder to arrive at a simple and accurate approximation similar to the approximations for the cases of magnetic fields and strings (see Appendices A and B for details). We reluctantly restrict ourselves only to the case w = 0. Somewhat surprisingly, the analysis will need to be substantially different from the magnetic fields and strings cases.
To proceed, it is convenient to use the substitution a = 
where γ = exp (λ/3) 1 2 (t − t i ) and
Energy-momentum conservation, Eq. (87), gives
Using Eqs. (11), (85), (88), and (90), we find
The function F (γ) can be written in terms of the hypergeometric functions, but the expression is complicated and not illuminating, so we will not give it here.
In the case λ = 0, the above exact solution simplifies significantly. Instead of Eq. (88) we now have
where 
Returning to the case of λ = 0, the large t wall energy density is
the transverse scale factor is
the longitudinal scale factor is
and the matter density is From Eqs. (96) and (97) the pseudo-eccentricity is
In the case of zero vacuum energy, the asymptotics read:
As opposed to the cases of magnetic fields and strings, the pseudo-eccentricity vanishes for large t, since e a−b ∼ t For walls, the matter density, Fig. 19 , falls faster with time than its string and magnetic field counterparts due to the fact that the overall expansion, and therefore density dilution, is faster for walls. On the other hand, due to the nature of its contribution to the stress energy tensor, the wall energy density, Fig. 20 , falls more slowly than the magnetic field and string energy densities. Figure 21 for the pseudo-eccentricity provides another way of visualizing the prolateness of the wall expansion, since e a−b is always less than one in this case. Figure 22 for a versus b represents the degree of prolateness for wall expansion for a variety of initial conditions. for walls as a function of matter density and equation of state parameter w.
VII. CONCLUSIONS
Einstein's equations for magnetic fields that extend across the Universe have been considered elsewhere. Examples include cylindrically symmetric magnetic geons, exact solutions for planar geometry with magnetic fields and dust, and asymptotics [31] . None of these studies contain exact solutions with cosmological constant and magnetic fields (ΛM). We have not only given exact solutions to the ΛM case, but also have found exact ΛM plus dust solutions. In addition we have exact solutions when the magnetic fields are replaced by uniform arrangements of cosmic strings or cosmic domain walls. Finally we have given approximate solutions in all these cases where dust can be replaced by matter with an arbitrary value of w in its equation of state. All our solutions have planar symmetry.
The cosmic microwave background (CMB) and other modern cosmological data are of such high quality that it is now possible to study aspects of the Universe that were previously completely out of reach. In order to carry out these investigations, it may be necessary to go beyond the homogeneous isotropic big bang/inflationary cosmology and compare the data with less symmetric but perhaps more realistic models. In the case of planar symmetry studied here, an understanding of the density perturbations and structure formation requires perturbing around planar symmetric solutions. Here we have taken a step in that direction by considering a planar symmetric universe with eccentric expansion, and have shown exact solutions can be obtained even when the eccentricity is large. This will allow a density perturbation analysis to be carried out in these cosmologies, which in turn can be compared with CMB data and galaxy structure and correlation data [46] .
It is not just a mathematical exercise to consider planar symmetry. We know that magnetic fields and cosmic defects can be produced in the early universe. In the case of magnetic fields, their energy density ǫ at its production epoch can be a substantial fraction of the matter density ρ, and this can cause spherical symmetry to be lost in a cosmology. The planar symmetric cases of cosmic strings and domain walls are somewhat more artificial, since they are assumed to be static and aligned. However, this may not be totally unrealistic when considered from the perspective of more fundamental theories. For instance, certain AdS/CFT theories derived from string theory have parallel walls, and other theories with branes can have strings connecting them. If two parallel walls, both outside the horizon, were connected by strings, then the strings would be expected to be parallel on average even if they had some dynamics. Based on the above remarks, and with the knowledge of the fact that aligned walls and strings both produce planar symmetry, we have given exact solutions for these cases as well.
Even though magnetic fields, string, and wall systems all have planar symmetry, the form of their energy momentum tensors differ. For magnetic fields, T µ ν is traceless, and so this case has similarities with a radiation filled universe. For strings and walls, the trace of T µ ν does not vanish, so there are some similarities with the non-relativistic matter component.
Strings and walls are under tension, so they also have some similarities with vacuum energy.
To see all these properties, we have solved the equations of motion exactly for many cases of interest. The large-time behaviors of these solutions are summarized in Table III. In all these cases, the universe undergoes eccentric expansion and in some instances eccentric inflation. Our analysis is completely general, and in order to apply these results, more input is necessary, e. g., initial conditions need to be specified, perhaps as derived from a model with early universe phase transitions. Time scales need to be fixed, e. g., when did the phase transition take place? For instance, for magnetic field production, a phase transition not far above the electroweak scale may be effective in producing eccentric effects and at the same time remaining compatible with other requirements on the cosmological model, e. g., successful baryogeneses. If the magnetic field production scale were too high, then there is a danger that all the eccentric effects could be washed out.
As stated above, with exact planar symmetric solutions at hand, we are now in a position to begin density perturbations analysis [46] . To apply the results of this paper, it will be necessary to consider how the spectrum of density perturbations are effected by asymmetric expansion. Since perturbations get laid down by quantum fluctuations and then asymmetrically expanded in our models, any initial spherical perturbation becomes ellipsoidal. After a while, the expansion becomes spherically symmetric again, but as long as perturbations remain outside the horizon they stay ellipsoidal. Only after they reenter our horizon will the averaging would be an alteration of the power spectrum on scales of order of the domain size. This assumes the domains have a preferred size, that is probably on order of the horizon size when they were produced, if the associated phase transition was second order, or on the size of the correlation length at production, if the associated phase transition was first order. This is in contrast to the density perturbations produced in inflation that typically have a flat power spectrum. One would also expect to see polarization effects to survive in the CMB in an isotropic average of magnetic domains. A detailed analysis of these effects would take dedicated numerical studies.
where σ(t) = (λ/3) 1 2 (t − t i + τ ). For large t, both scale factors grow linearly (as in the isotropic case driven by the cosmological constant only). Due to anisotropy introduced by the magnetic fields, however, the space has expanded more transversally than longitudinally. This difference is characterized by the pseudo-eccentricity whose asymptotic form in this case is e a−b ∼ e φ [1 + F (0)] −1/(1+w) .
When λ = 0, the asymptotics depend on the range of the parameter w; in the most interesting case, 0 < w < 1, they are:
